CHAPTER XXXIII. 


ELLIPTIC FUNCTIONS (Continued) REDUCTION 
TO STANDARD FORMS. 


1446. Preliminary Considerations. 
Taking the general integral ges where P is any rational 


algebraie function of z, and Q the quartic function 
daf -L 4a, x? 4- 6a,2? 4- 4a,z 4-a,, 

we now proceed to show how it may be reduced either to the 

Legendrian form or to the Weierstrassian form, as may be 


desired. 


1447. We shall assume that the several coefficients occurring, 
viz. ds, du, Ay, Qz, a, are all real constants. 

The roots of a biquadratic Q—0 with real coefficients must 
be either (1) all real, (2) two real, two imaginary, or (3) all 
imaginary. 

The roots of a cubic equation with real coefficients must be 
either (1) all real, or (2) one real, two imaginary. 

Further imaginary roots occur “ in pairs,” and are conjugate, 
i.e. of form a+13, where a, B are real and ,—4/— 1. 

Hence when a,4-0, Q must factorise, at the least, into two 
real quadratic factors, and it may further factorise into two 
linear factors and one irreducible quadratic factor, or into 
four linear factors, the coefficients of such factors being all 
real. 

And when a,—0, Q must factorise, at the least, into one 
real linear factor and one irreducible quadratic factor, or it 
may be into three real linear factors. 


For the present we shall consider a)+0. 
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1448. The Invariants. 

Now when any binary quartie 
Q a,z* + 44,25 y+ 63,2*y* + 4a, xy? +a yY (as, ty Ay, Ag, a.) (x, y)* 
is subjected to a linear transformation 

z—lX-mjY, y=1,X+m,Y, 
so that the modulus of the transformation being 
A=] l; m 

ly, m, 


=l m, —l, m, 


Q takes the form 
Q'—a, X t+ 4a; X?Y + 6a, X?Y?-- Aa XY?-- a, Y* 
=(aq, 4,', a’, a4, a, ) (X, Y), 


the quadrinvariant [=a,a,—4a,a,+3a,? is of order 2 and 
weight 4; 


; P ba Ss La 
the eubinvariant — J'—a,a,a,4-2a,a,a, —a,a,? —a,a,?— a? is 
of order 3 and weight 6; 


and if I’, J’ be the same functions of the new coefficients in 
Q', we have I'—A'!I,J'— AV, so that 1/J7—]13/J?; and this 
is an absolute invariant, being independent of the letters of 
the transformation formulae. 

Now amongst the four letters L. m,,1,, m,, there are three 
ratios at our choice, and sufficient, if they can be determined, 
to make either a,’ and a,’ both vanish, or ay and a, both 
vanish, and in either case we shall have a third choice 
between the three ratios still available for any other purpose 
of simplification which we may desire. The choice making 
a, and a, vanish is the Legendrian plan of attacking the 
problem of reduction. The choice making a, and a, vanish 
is the Weierstrassian method. The latter is the more modern 
and the simpler. We shall therefore consider it first. | 


1449. REDUCTION TO THE WEIERSTRASSIAN Form. 
If a, =a; —0, the invariants become 


, 


z—4a/a,, J'—-—a,?a,, 


Q' becomes Y [ac F XY?— J y», 
H 


0.75 


and a,’ still remains at our disposal. 
1 P 
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We could make it unity by a proper final choice amongst 
the transformation letters. For the moment we reserve the 
choice. In any case we have seen that it is possible to trans- 
form Q to the form 


Q’=KY(4X°—g, X Y?—g, Y’), 
where K, da, g are certain constants which are functions of 
do, My, dg, dg, Q4; li, m, Ta, mg. 
1450. Now let 
f (2) &agz* + 4a, 2? -- 6a, z? 4- 4a,z 4- a, , 
and let the roots of f(x)=0 be ag, a,, ay, ag, so that 
f(x) =a9(7—a,) (2— adp 2) (2—as). 
From what precedes it appears that by a proper choice 
amongst the letters l, m,, L, m,, in the homographie sub- 


stitution z— (l z4- m,)/(l,z4-m,), f(x) may be reduced to a form 
in which the term in z* is absent in the numerator. 


(lh — ao 1) z-F (m,—agm;) 
l,z4-m, 


and if we make our first choice amongst the three disposable ratios 
li : m; : ly : M, to be l,=agl,, we shall have 


l 


1 
m,— 7+ m, 
—— M L $ 4.€. pasa}, say, 
cm, I1,z+m, z—n 


and the two quantities u, » are still at our disposal. 
We now have 


aga 
je a is Di en a. ai), 


Now z—ag— 


àg— a 
T— u= = om ? (z—n+ 5 ) 
H Go a 
—@ 
t—as= =2_ '(z—n+ = ) 
N) ao ag 


and 
Fla) agi Da Y a nalla a) 


(z—n)* 
x( S8 Eae erus —a Jeu. 
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In order to arrange that the term in 2? in this numerator 
shall be absent, we shall make the choice of a relation between n 
and u, viz. that 


1 1 H 
Barn open 
Ug — 01 dg — Gg Uo ag 


and we still have one choice left amongst the constants at our 


disposal. 
Moreover, since dz— —, dz/(z — n}, we have 
dz gi —p dz 
Vf (2) Magy (ao — a) (ag — as) (ao — ag) 
1 
x f 
M lied n Au 2n G 
Name Era T e) 


Let us now make our final choice amongst the disposable trans- 
formation constants, such that 


B= 49 (a9 — a) Lagunal (ao — as). 
Then, since f(z) —as(z— a$)(z— a,) (x— a;)(z— a), we have 
J S (x) — (x — a,) (z—a;) (x — a,)+- terms containing (7—ap) ; 


e 


whence 
auf (a) — la-a) (tt) (tg Cd Z 7 nmn. 
veet 
x (x)= (x — ao) (x — a) 4- (€ — ao) (z— a5) + (2 — ao) (£ — a3) 


-F(z— a4) (x — a )+ (z — a) (x —a;) 
+ (z— a) (x —a;) ; 


whence 


gu, f (9 = (aoa) (aa) + (aa) DE KY PRAAT AVER 


: 5E 1 ANI. n H 
and since 1=3 it atat 
l 5 
LA i 9a J (a9) s 
this gives n=}. 1f (ao) quein, e. n— 3. f" (ag). 
"m $ '(ao) 
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Thus » and » are now found, viz. u=}4f (ao), 1— 3f" (ag) 
da —dz 
M Mf) Vie qud. 
And seeing that the relation z—ag4- pa gives an infinite 
value to z lla Tee da: we have 
f =| ike ai ——=p1(z, go, gs); 
anflay JeMad—gquu—gW © 78? 


and if this integral be called u, we have z=g(u). 


, Where g,, g remain to be expressed. 


1451. If &,, €, e, be the roots of 428—g,z—g,=0, we have 
€, - 63  €4— 0, Clg + egt 66, = -5 seh 


Moreover, regarding 42°—g,z—g, as the form assumed by 
the transformed quartic function (do, a,, da: «,, a.) (c, y), viz. 
0.2*--4a,2--6.0.2*?--4a,2--a,, we have a,’=1, a,— — 19, 
a, — —9,; so that I'—g,, J'—9,. 


Also we have 

~—H_ af S OLR. be: 
ao— a, 3\ag—a, ao—a,  ag—az 
1 
=79 %l— 2(ag— as) (ao— a3) (ao— 2,)(ao— ag) 


+ (ao— a1) (ao— aell, 
1.6. 4=33 [(ap— as) (ag— a4) — (ao— a3) (a; — a3)] 


"t 


Similarly 


ey 1 la nalla — 5) — (ao — a) (a5 — nall 


e5— 19 [(ao— alas a3) — (ao — asas ad) 


thus expressing the roots of the cubic 42?5—9,2—9,—0 in 
terms of the roots of the quartic Q—0; and therefore da, Ua 
or what is the same thing, J’ and J’, are now known in terms 
Of ap, du: as, ag and a. 

We shall now for convenience drop the accents from J and 
J as being no longer necessary, and these letters will therefore 
be for the future understood to refer to the new form of the 
quartic function 0.2*-4-42?-- 6 .02?— I2 —J, and henceforth use 
I and J, as in the previous chapter, instead of the letters 
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Jo and g, respectively as may be desirable, and the accents 
can be restored whenever we wish to institute a comparison 
with the corresponding symbols belonging to the original 
quartie Q. 


1452, Our transformation is now complete, and we have 


Pau | G da Rs | K dz 
ay (Qo: 04, da: Ag, JE, Y) Jz /428—Iz—J 
£ dz 4 
= ss 50 Us Fa gj $ 
l A4 (2— e) (2— eg) (2—es) Fs 
the transformation to effect the reduction being 


em if ' (ao) 
KE qure do 


1453. To find the Legendrian Moduli, the Roots of =O being 
known. 
The transformation formula may be written 


z= = i 
; Pis L 
we have also e,—»4 f 
ay — 49 
t—a 
and .°. Reed. RE wae E. 1 
T— 00 G,;— Gg Aga, L— Ag 
M a taqa 
1.0. a —%o F(a). o) ZOE 
° Ag— T ay 
SE a ag) X—a; a ao) £—a 
similarly z—e,=-° T. Z—€,= Uo "A F (ag) eo: 
4 ag— a, X— ag pe do— a; Z— dg 


Also the Legendrian moduli k, k’ may be readily expressed 
in terms of ao, a,, a, ag. For since (Art. 1414) 


k?=(e,—e,)/(e,—¢,), k?—(e— ey)/(e4 — 63), 


we have 
E Tito NE 
MC m EC e ME un LC e B 
j TE (ag— a5) (a4— a4) (ao; Q1, ag, ay}, 
097-05 09 — 04 
Ane ya 
j2..d9—a5 ao—a _ Lan 4g) (4 = a) 
- miii (ag— a5) (a, — a3 ) (2o. as, a, a,} 


Q0 — Qs 09— a, 
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1454. Cubic to find the Legendrian Moduli, available when the 
Roots of Q—0 are unknown. 

We may obtain an equation for the determination of the 
moduli k and k’ for the case in which none of the roots of 
Q=0 are known and are not readily obtainable. 

Since K*— (e, — e)/(e, — e) and k*=1—k’, we have 


k?e, — e, 4- k'*e, — ut 


and eite 4-65—0; 
whence 
L a a e z 
—(1 -ü Psp ki +e Jak] 
K y - 
A-0380 HAEE 
and €3—e4— —M, ¢,¢,¢3= J. 


Therefore al i = N d 
OERS NEOFEN IS 
I? J? B—27J2. 


x T L ETO et. ic T — SP 
Writs P ind aided 3mm 
P 4 J? 
whence GS ka 5; ü- 27 5) 
and La is an absolute invariant, free from the modulus of 


p 
transformation, viz. 

do, Gy, d [laiis T Sag. 

di. fai 0s 

fa: Ag, U 
when expressed in terms of the coefficients of the quartic Q. 

This eubie for P may be solved by Cardan's method, and 

thus the product SLS can be found; and as k?+-k?=1, both 
k and k can be found. 


1455. ILLUSTRATIVE EXAMPLES. 


. : s a ipo ae 
Ex. 1. Consider the integral we f J3a"4 17034 0a8 Ba 


Here there are obvious roots of f(x)=0, viz. v=0 and r= - 1, 
f(x) =1223 4 51a?4-18z — 5, f" (x) = 3622+ 1022 + 18. 
Taking the root v= —1 as a, 


f (-1)216, f'(-1)2 - 48, pm1f'(-1)24, n-24Xf(-1)2-2. 
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Hence the proper reduction formula is 


Then a= reL UGL 14x — 5) 2n (x L 1) (x5) (3x — 1) 


and dr= — 4dz/(; 4-2)! ; -64(z — 2) (z — 1) L 3)/(z-- 2), 


N-OA CE PEPPER, AM 
"f(x  44(z-3)60-1)043) 498: +294 
Also «= —1 gives z=% ; 
dz 
nel 3 
In this case €, —2, e, —1, e= —3, k?= (e, — e,)/(e, — 65) 4/5, k'*- 1/5, 
€1 — ês 5 ^ 
snè(uv5) — EON, 


: cl F E zl 
A^ sn(uV/ 5) st, u= qm ijs 


=! (z, 28, 24) and z=(u). 


f(u)- e 


Ex. 2. Take the same example, and start with the root z—0. 
Here — e,-0, f(0)=—5, /"(0)-18, p=—5/4, 7=3/4, 
x= —b[(42—3), dvr-20dz[(4z — 3f, 
f(x) =1600(2—2)(z—1)(2+3)/(42-3)', 


b 767) e c 


LLL Lae sos 


-f ren cl lis 


"Ph e Jas- 98; 3-94 TÉ 
Hence z= (2o, — u) =< 9(u), as before. 


Ex. 3. Examine the same integral with the substitution «= 57 B— LA 
40s ds 4s? 20 4s! — 5 
Then lal sip dubium T a.p 3r-l=4 5: 
1 f x 2 
N p re bnn pbwdbr: aid. Z 
Hence u Fh aai = $5 $ sn(uVv5); m Jg 
which agrees with the former result (Ex. 1), in which 
g(u)- -34.5, and oa DR ame ge eee 
3 $(u)--2 5-8? "5-8? 
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1456. Transformation for the Case of Unreal Values of the e's. 
So far e,, éa: e have been considered real. Now suppose e, 
real and e,, e, to be complementary imaginaries. Take the 


hyperbolic transformation y — TR, cas. Lima. , Where 5, is at 


g—e, 
our choice. Since e,+e,+e,=0, we have 
SEE wes e O BATE 
Ñ dg ET 


Let us choose n, —— 2e,, i.e. choose the hyperbola so that the 
oblique asymptote passes through the origin. Then the graph 
of this transformation is a hyperbola with asymptotes z—e,, 
y=«a and centre (e,, e). Let (£,, 72) (> n) be the points at 
which the tangent is parallel to the z-axis. These points are 
the ends of a diameter, and 5,4-5,—2e,— —5, ; .". m--n;4-»4—0 


Moreover, Z and é, which are the roots of 1-0, must be 


repeated roots of the equations y=», and Kp respectively, 
me zal (z— é) LR, 


and y—53,— 


whilst dy which is 1— ghk A3, - inna take the form 
daz (z— e) 


dy — Gene Len. 
dz; — (w—e,8 
Clearly the values of £, £, are e, + ee, 4- 2e,?. 
. dx 
Vh ei) (z— e) (e — e;) 
dy Lr e) 1 
~ J @—&)(@—&) JA(z—e)(z—ej)(z —e) 
9 (z—e* dy 
V(a—e,)(y —n9) V (2— e,) (y — n9) V (4(x— e) (y — m) 


Thus 


uf | TET. Bilt 
NA (y — m)(y — n) (y — n) 
in which a 4-5,4- 5, — 0. 
The nature of the transformation graph, in which the 
branches of the hyperbola cannot cut the line y=», since e, 
and e, are imaginary, and which must therefore lie in the com- 
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partments between the asymptotes as shown in Fig. 427, 
establishes the fact that »,, "a: n are essentially real quantities ; 
y =n, and y=n, are the maximum and minimum ordinates of 


Fig. 427. 


the graph, and the line y—7,— — 2e; is a line parallel to the 
a-axis at a distance twice as far below that axis as the centre 
is above it. 


1457. Analytical Examination of the same Transformation. 

If the roots of any cubic a2? --3a,2? --3a,r--a3—0 be ay, az, a3, we 
have dda — a3)* (as — a4)? (a, — a3)! — — 2740A, where A is the discriminant, 
viz. A =a tdg — 6aga,0505 + dd + 4a,3a4 — 3a, 2a, 

(Burnside and Panton, Th. of Eq., p. 83.) 
and the roots are all real or one real and two imaginary, according as 
A is —'* of +". 

In the case of the cubic 42? — Zz — J —0, with roots €;, e;, e, we have 
ao=4; a,=0, a= -M,a,4— —J; A-49* 4.4(—-My — -18(7 —-27J?), 
and . (es — es) (es — e3P (è, — €2)? = yy (I? — 27J?). 

The roots are then all real or one real and two imaginary, according as 
I3—927J?is +“ or --"*. in the case we are considering, viz. one real, say 
e, and two imaginary, viz. €,—p--tq, e—p—*q, p and q being real, and 
e, = — 2p, so that e,+e,+e,;=0, we have 

I3 —27J?= 16 (2q) (9p? +g} = — 64g? (9p? +g’)? — — ". 


, where 
€ 


But when we transform by the equation y=% + "ie 
Rey, 4 += +", 
we have Ea 61 +R, =e — R, 713 — 64 +2R, N lad € wp 2R, T= —2e,; 
and in the new cubic, 4y°—I’y —J’=0, we have 
— 275" — 16(ys — n.) (1s — n) Qn — 23) = 16 (4R* (3e, - 2R) ( — 3e, - 2R}? 
=256 R? (9e,? — 4R?)* = 256 (5p? +g’) (16p? — 4q*)? = +". 
Hence all the roots of the new cubic are real. 
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1458. ILLUSTRATIVE EXAMPLE. 
1 dx 
t= r C — a 
z Nat — 12x + 54x? — 100z 4- 57 
Here x=1 is an obvious root of f(«) — 0, 
Sf (x)= 423—304?--108» —100, f'(1)— —24, 
f" (©) = 12x? — 72” + 108, f"(1)248; 
~ p-ifü)2-6, n-4/f"(1)-2. 


'The transformation formula is £-2.4-—- =l > a 
z—1) 2—2 


Integrate 


We also have 
S (x) 5 (x — 1) (a3 — 112? + 43 — 57) 2 (r — 1) (z - 3) (e — 4? +3] ; 
hence two roots for x, and therefore also for z, in the transformed equation 
will be imaginary. 
The transformation is 
144 


mme GERM 2)(z4- 1)(12) (2 -2+ bra gy (241); 
6d; 1 
also de = ay whence f" cria An (z, 0, —4). 


Transform further by the rule of Art. 1456. 
Peril NES E 
PE S RT 3 a a 


LAT L y=mt 
3 
(z- 1) 

Therefore 3,2243—1, 5,29 —23—1 and qj 95-0, 
/3 2 
z—V 34-1 24-3 +1% 
y-n- C AED. L UM Dee; 
"' dz Ton dew y (GL 1)* 
: Ama 4» (241-3 Jis TR -m) 
-f dy ) RIL 
JG1)9 ehe T HG94) Viy- m 
=|" dy -f dy 
NA(y m) -G-n ^* V4(y—2)(y*+ 2y-11) 
k S 60. — 88). 
aAA — 15y4 22) py, 60, — 88) 
In order of magnitude the values of the 1s are 
m=2V3-1, «22, «2 -243-1; 


whence jo 35293 inm. sin?75*. 


and 2 dz -z1-.— 20 gives z= +V/3-1. 


Thus y=@(u)= pra prm ae, mod. sin 75°; whence we can express 
z and x in terms of v. 
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a —2/3+1 

w T H - CE 2 

e have en u ee er 
nw M LLL. 
nullis T. ii YT 


| MU -1 4c (757-27) - 5 3(1-2)(3-2) 430 2:28 =a) (mod. sin 75°). 
2(7 —5z-- 22) +V3(1 -—2x)(3—.2x) 


1459. REDUCTION To THE LEGENDRIAN Fors. 
We next turn to the other method of reduction referred to 


in Art. 1448, which endeavours to express IS directly in the 


' da r 
Legendrian form ere (k? <1). 
1460. Preliminary Geometrical Considerations. 
It will be convenient to consider the expression Q made 
homogeneous by the introduction of the proper power of y 
where necessary, and written with binomial coefficients, as 


Q e ar*-- 4a425y + 62,23)? -L 4a. ay? + ayt, 
and to imagine it to have been factorised into two quadratic 
factors with real coefficients, as 

Q=(ax?+ 2ha3 4- by?) (a/a? -- 2h ay + by’). 

Consider the two concentrie conics whose equations are 
az?--2hazy--by*— F,  a'z?--2 zy - b)? =G; 

F and G being at our choice, we may select them so as to 
give real intersections P, Q, R, S, which will always be 
possible if one of the conies be an ellipse. Then it is plain 
that. PQRS is a parallelogram concentric with the conics, and 
that as PQ, QR form a pair of supplemental chords of both 
conics, the lines through the centre drawn parallel to the 
sides of the parallelogram form a common pair of conjugate 
diameters, viz. OX, OY It is therefore possible by a change 
of axes, to the axes OX, OY, to remove the term in XY in 
each of the two conies simultaneously by the same linear 
transformation, viz. (c=\A\X+uY, y—A'X-- Y), say; A, p, 
A', u being all real when one of the two conics is an ellipse, 
or when both of them are ellipses; and the conics becoming 


AX*--BY?—F, A'Xi--B'Y:—G, 
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Q can thus be reduced to the form 
N = (AX?+ BY*)(A’X?+ B'Y?), 
or, as we may write it, 
Q = A,X*--6A4, X? Y? 4- A, 4 
We may obviously make a further reduction by putting 


XVA,=£, Y/A,=n, thus reducing the quartic Q to the 
canonical form 


Q = E+ 6AE + nt. 


If both conics be hyperbolae, the common conjugate diameters 
may be imaginary lines. But in any case their equations are 


T zy, y* |=0. 
b —h, a 
b, =K, d 


(Smith, Conic Sections, p. 196.) 


We may, however, readily avoid an imaginary transforma- 
tion. For, as has been seen, the only ease in which it could 
occur would be that in which both conics are hyperbolae, as in 
the case shown in Fig. 429, where there are no real inter- 
sections. In this case the factors of Q are all linear. Call 
them (1), (2), (3), (4). Then, instead of taking the hyperbolae 
(1) (2) =F, (3)(4)--G, we might take the hyperbolae (1)(4)=F, 
(2)(3)—G (Fig. 430), and with a proper choice of F and G we 
can ensure real intersections and real common conjugate axes 
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to which we can refer the system. We infer therefore from 
these considerations that it is always possible to remove from 


Fig. 430. 


Q the terms containing z?y and zy? simultaneously by a real 
linear transformation. 
1461. If in the transformation formulae 
v=)X +uY, y—XX-Fu Y, 
we write A X =£ u Y=», the formulae take the simpler shape 
v=) f+un y=E+n. It follows, therefore, that it is always 
possible, by a real substitution x=(p+qz)/(1+2z), to reduce 
Q from the general quartic form 
Q=a wt 4-4aa? 4-60,2? +4a,0+a,, 
to the form — Q(A,2?4- Bj)(A,2?4- B;)/ (14-2) ; 
and since dæ=(q— p) dz/(1+z)?, we have 
e ut d WETWEN. eL Ke H 
JQ * 1 JAL B)(A sz? 4- B,) 
and the values of p, q are in all cases real. 
1462. Outline of the Process of Transformation. 
As the whole discussion is necessarily somewhat lengthy, 
we may with advantage stop for a moment to outline what is 
to be done. 
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I. It has been shown that when a,0, we can always, by 
the transformation z-—(p--42)/(l--z) remove odd powers 
of the variable from the radical, p and q being real. 

It remains to show how the necessary values of p and q are 
to be found. 

IL We shall show that the same transformation will also 
reduce the integral to the desired form in the case when 
à, — 0. 

III. That by a further transformation 

23 —(A 4- Bs?)/(C 4- Ds?) 
or, which is the same thing, 2?—(A + B sin?0)/(C -- D sin? 0), 
the form now arrived at can be still further reduced so that 
da 
—— becomes a constant multiple of 
Jj p 
i J 
— ———————————E ooo k 1 LI 
| Ji-syü-ms TT «P? 


The ratios A : P: C: D are at our choice. 


IV. That starting with the integral hr 5 JQ where M, N 
are rational integral algebraic functions of v, we obtain after 
the transformation z—(p-- q2)/(14-2) a result of form 

| [p(2*) +2, (2*)] dz 

V(A,2°+-.B,)(Ag2?+ Bo) 
2) dz 

and that whilst (= can be reduced b 

VA e+ BAA EB) j 

$ (2?) dz 

(A 2 3- BJA SL B.) 
expressed by means of Legendre's Integrals, and that there- 


earlier rules, the portion | can be 


fore by these means | LA. can in all cases be reduced to a 


system of algebraic, logarithmic, circular or hyperbolic 
functions together with one or more of the three standard 
Legendrian forms F, E or II. 


Henee, as in Art. 318, the integral I^ T BAQ da, where 
C DJQ 


A, B, C, D are rational algebraic functions of x, and Q is now 
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a rational quartic expression, can be reduced to the sum of 
a similar set of terms by aid of the elliptic functions now 
described. 


1463. I. First consider a,--0 and imagine Q to be factorised 
into two quadratic factors with real coefficients, as 
Qa, (2? --2Xz-F u) (2? -- 2+ n^). 
Then putting z—(p--qz)/(14-2), 
a*--2Xc- a — [(p T 42) 2-2 (p-- qz) (1-2) - a US] L 2* 
=H (2 --2f2--g)/(1--2, where H=q?+2Aq+u, 
and T ETT dirt oe e lad sinu) 
| H pqt+X(p+q)+m TLM T 
Similarly, a?--2À z 4- uw — H' (2? --2f'2 -- g^)/(1 +2}, 
where H’, f’, g’ are the same functions of p, q, X, x, as H, f, g 
are of p, q, A, p. 
Hence Q=a,H H '(z? --2fz-4- g) (2- -2f'z4- g^)/(1-- z)*. 
We shall be able to make f and f’ zero by taking p and q 
so that 
pq-X(p-q)tu-—0 and pq+rA(p+q)+n'=0, 


(a o EREA < < A P TAES E CEVNE Aak eoe 
Now (u—p'y—4(X—2A)(0 uu — An) 
=(utp’—2dr’P—4(u—A*)(u’—A?) K, say. 
So ptq=(u—wu’)/(A’—A) and p—q-KJ/(X—2A) whence 
p and q are found. 
This completely determines the necessary transformation, 
and we shall show that K is real; so that in all cases 


p and q are real. 
The form of Q is now reduced to 


Ne, H H'(2 --g) ?-- g)/ 4- 2. 
Also dz=(q—p)dz/(1+z)*. 


Therefore dz _ TT dz 


JQ Ja,HH' JEFE) 
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1464. Next, to examine the Reality of K. 
(i) When the roots of Q—0 are all imaginary, A? < u and 
At < Bw. 
Let w=A?+ p°, !'2-A?--p?. Then 
KP = (ut w —-2AX—4(u—2A9)( — A”) 
= (A?-F p? +A? + p? TE N — 4p? 02 
—[( —X H (o— p» ]- [0 —2A FG p] 
and is essentially positive. Hence K is real and p, q both real. 
(ii) When Q=0 has two real roots and two imaginary, 
A?— u and A*?— ,' have opposite signs, and 
Aen w —2AXY* — 4(u— ABI — X?) 
=(u+p’—2AX’)?+ a positive quantity = + "°. 
Hence K is real, and therefore also p, q are both real. 
(iii) When the roots of Q—0 are all real, say du: ag, ag, a, 
arranged in descending order of magnitude, we may take 
21 — —(a,+ tis); HUT ag, SX = —(ag+ a4), p — 050, ; 
c Keen Ew — 2AN — 4(u—A?) (u — A”) 
=[a,a,+ aa, — $ (a, - 5) (a5 - a4) 
—}[4a,a,—(a,+ a] . [4a,a,—(a,+a,)*] 
= (a, — a,) (ay —a5) (a, — ag) (a5 — a,), 
which is again positive, and therefore K, p, q are all real. 
In the case f=/", we may put z4-/—v. 
Then Qza,HH'(u*4-g—/f?)(u*--g'—f*), and the required 
form is taken without further reduction. 


1465. II. Case when a,=0. 

In this case Q4a,2? + 62,2? + 4az 4- a,. 

The case a, —0 need not be considered, as the integral would 
then reduce to a standard form. 

One factor of Q must now be real. Let be the real root of 


Q=0. 
Then Q=4a, (z— e) (z?--2Xz-- u), say. Then, putting 


z—(p --q2)/(14- z), as before, 
a—e=[(p—e)+(q—¢) A+A 4-2? =H (LST 24 g^) (14-2)? 
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say, and 2?--2Az-4- u=H (2?--2fz--g)/(1--2)*, as before. Then ` 
proceeding as in Art. 1463, 
H'—q—e, 2H'f’=p+q—2., Hg -p—e; 

and making f=f’=0, p+q=2e and pq+A(p+q)+u=0 

Therefore p-4-q—2e, pq— —2cX— u, whence 

p—4-—2X(e4- X + uN. 

Thus, (i) if the factors of 2?--2Az--, be imaginary, 
A? < u, p—q is real, and therefore p, q are both real ; 

(ii) if the factors of a?--2Ax-L-, be real, let the roots of 
Q=0 be e, e, e, arranged in descending order of magnitude. 


e+e 
Then we may take e=e,, Acts 1.—6,6,, and 


p—4—2X [06 —3 (6-6) *- e — 1 (C+ ] 2 (e. — es (6 — 63), 
which is real, since e, >e,>e,; and p, q are real in this case 


also. And the rest of Art. 1463 still applies, and the reduction 
to the Legendrian form is effected as before, Q becoming 
4a ,H H' (2 +g) (2 g)/0. 4-2) 
dind de — q—p b P. T i 
JQ V4a,HH A gg) 

1466. We have therefore in all cases reduced the differential 
dz to one of the bovine a ee as where C may be 
VQ V + (2+ a?) (2? + B?) 
taken a real constant function of dg, a,, da: a3, a, of known 
value and a, 8 both real. For if /ayHH' or /4a,HH' be of 
unreal form, we may replace them by /—a,HH’ or /—4a,HH’ 
carrying the negative sign into the other radical. 

The case 4/— (z?4- a?) (z?4-/8?) is obviously unreal and need 
not be discussed, as we are now dealing with real functions. 


1467. III. We have therefore only to consider the reduction 
of the five cases: 


(1) V+- ee-e); (2) /—(2—a?)(2— B); 
(3) J/+(2+0?)(2—B?) > (4) J— (Gran) BT: 
(5) J+ (2+ a) (2-F 8?). 
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The final substitutions to reduce these five cases are all of 
the form 2?—(A-- B sin*0)/(C-- Dsin?0), where the values of 
the ratios 4: B:C: D are to be suitably chosen. We consider 
each case in detail. 


1468. Case (1), /(2— a2) (22— 8?) ; a?  8*. "This is unreal if 
2? lies between a? and 85 


(i) a>B>z Put z=Bsind, k=B/a. 


al La a 1f  Beo0d0 — 
o ^/(22— a?) (z2— (8?) B Pto — f*sin? 0) cos? 0 
1 dà 1 


TIE I e dmi 10. 
oVl—Fsin?@ a aim 


Hence z= sn au; mod. Bla. 
(ii) 22 a7 8. Put z=acosec 0, k=B/a. 
=| --i —a cosec 0 cot 0 dO 
z v (23 — a?) (22— B?) a Jo vcot? 0 (a? cosec? 9— 8?) 
aw WU m I NE 
p Al Res n RN B w 


Hence z—a/sn au ; a B/a. 


Also vl R = aa aa) ors /1—Fsin®6 E 


B". T do Pe ee 
=(f az - sin? = prb 
where K is the complete elliptic integral. 
Hence z=a/sn(K—aw’)=a dn (awu')/en (aw). 


1469. Case (2), / —(z22—a2)(223—,/8?); a? > 6% This is un- 
real if 2? does not lie between a? and 85 

Put 22— a?— (a?— f3?)sin?6, i.e. a?cos?0 -+ 8*sin?0. 

Then a?—2?—(a?— 8?)sin?0, | z?— B?=(a?— 8?) cos?8, 


— (at gt) SinOcosOdO — 

Roe oti P pageant a rete 
vl RATOM. ASRI 2 eee hy SA 1 am 
Ñ z J —(2?—a®)(2?— B?) aJy/1—k*sin?@ a , 


3» 2 
E.E 


2 
a 
where k*=—,; 
a 
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Hence 


2?—a?en?*(au)4-8*sn*(au) te. z=a dn (au), mod. Dom. 
a 


1470. Case (3), V(z*4-a?)(22[—8?). This is unreal unless 
2> 8* Put z-j sec. 


vell LT TT 
sL aB p) Jo VB tant (B sect 0+ a?) 


E V eee e f E E (p.55) 
o V/8*--a*cos*O — J/a?*-- 82J, ./1— K?sin?0* ats. S 

=+f cst 
a 


ss k -1 

oJi—ksinð a ? 
au 

Hence z=8/en (F) 


1471. Case (4), V—(2+}a) (2—8). This is unreal unless 
22« (99. Put z=8 cos 0. 


vel dz =f ___ —fsin 0 d0 
z /—(2+a*)(2—B) Jo / B*sin*8(a*4- 8*cos?8) 
MS T VIR. INEO aa TREE: 
E /1—F*sin?0 pm 9, (x aal 


Hence z= en (£5) | mod. 


T. M 
Ja?+ BP 
1472. Case (5), /(@-+a)(@+B); a> B% Put z—ftan 6. 


"Me [ eR M 
— Jo (2+) (2+ 8*) Jo J/B?sin?0 L a?cos?0 
SI dà c de in — ) 


m" o/1—Rsin?9@ a a? 


Hence z= 8 tn (au) (mod. A Ley 


For convenience of reference we exhibit these cases in 
tabular form: 
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'(9 ;uts q -- Og ss g TL F] s jo sosvo IIL suorjnjt3sqns oq soseo (TY UT 


D 0 H  uv3 g/ — 
(no) uy g =z gwe? =o =n a gt - pg =z g«» (R +22) (29 +22) G 
AN? hñ 9 800 g= 
(aa) eger swf. R — g-INB-: g»* |Gd-2»t2)-^ v 
g + oes U = N 
(2) uo/g/ =z gue = = 2 M Pío m g <z GO —22)(g? +22) | c 
z » ÓN* D 9 UIs z9 -- 9,809 -0 = 2 sg < 1» 
Ac de P p S pes M erg —,9) - e divae (4g — (e 72) "c 
/ D » ÓN d pr zz 
(no)uo/(,no) up o —2 (0 eyes C =m - e. P 
(n»)us/o =z 0 netu. 1 ak d) < 
e 
oe? eo^ m 
(nv) us g/ =z ĝi- tr 2 =n 
“CIO OTT or i ws POEL. 4 POW "uonnjnsqug Er m ON E 


‘OL ‘SNOILALIISaAg AO WIHVL ‘SZFI 
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1474. The More General Case M dx 


Here M, N are any rational algebraic functions of +. and 
Q, as before, — (ao, D az, a3, a4) (v, 1) 


4. 
By a proper choice of p, q, the transformation 


z—(p4-q2)/ 04-2) 


has removed terms of odd degree from Q. M/N becomes a 
rational algebraic function of z separable into two parts, the 
one an even, the other an odd function of z, expressible as 


MIN z9(2)--zx (2). 


M dz $(2) ex (2) 
- a is reducible to I dz UK dz. 


By putting z*=y the second integral is immediately reduced 
to a form integrable by earlier rules 


Hence 


We have therefore only to consider the first integral 


Now $(z?) is itself separable into two parts, the first in- 
tegral, the second fractional, and is m as 


(2) = = Az + 2s 


(chay 
But both |= Jg dz and | dz 


—————— can, by integration b 
PEEN o y g y 
parts, or the use of reduction formulae, be connected with 
the integrals 
‘ee 2 dz | dz 
ve X 


—_—————. (Arts. 27 274). 
mh vat) JQ’ (Arts. 271 to ) 


Accordingly all functions of form Ia where M, N, Q 


H 3 > 
are of the forms specified, can be reduced to a series of 
known integrals, together with one or more of the integrals 


DOM daz a? dx 
G) E (i) Jaz a) (1— k® x2)’ 
dz 
(ii) 


o (12-22?) /(1—2?)(1— Ra) 
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The second of these, viz. 
rab f 1—(1— R2?) 
E vas crie, A 
2 42 
-L x (first integral) — 7; d — rd 


E dé 
PI node XII 3 gin? 
=F j Jien aes 1—k* sin? dé. 
Therefore any such integration as ure JQ can be effected 


by aid of the three standard Legendrian forms 
F(0,k)  E(0,k) II(0,k, n); k «Z1. (See Art. 371.) 
The same is true of the more general form 
A+BVQ 
C+DJ/Q 
discussed in Art. 1443. 

1475. The Case when the Factorisation of Q is unknown. 

To effect the foregoing reduction, a knowledge of the 
factorisation of the quartic Q has been presupposed. When 
there is a preliminary difficulty in this factorisation, we may 
still obtain the desired form by a use of the invariants J and 
J. Suppose the quartic made homogeneous by the intro- 
duction of a suitable power of y, and expressed as 

Q=ayx'+ 4a, 2? y+ 6a, 2? y?+ 4a, ryta yt 
= (ao, 4, 45, Az, a) (z, NP, 
and let it be reduced by the linear transformation 
a=1,X+m,Y, y=l,X+m,Y 
to the form Q’= (aq, @,', a4, a4, a,)(X, Y) 

Let Azl,m,—l,m,, viz. the modulus of the transformation. 

Then x dy—y da=A(X dY — Y dX) 
cdy—ydz _ en XdY—YdxX 

Je ea 
i.e. writing z/y=u, X/Y=U, 
du PH dU 
N (ao, du, Gy, Qg, Q) (U, 1)* N (ao, Ai, à, ay, a, )(U, 1 


l D 
where u= a? HCS 


and 
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Also 
I-a,a,—4aa,J-3a?, | J-aga,a,--2a,a,a, — aga? — a,a,? — a.* 
are connected with I’, J’, the same functions of the accented 
letters, by the relations 7'— AT, J' — ASJ, whence 1?/J?—1'3/J^?, 
in which we have an absolute invariant free from the co- 
efficients of the transformation formulae. 

Supposing the ratios l : m, :1,: m, to have been so chosen as 
to make a,'—0 and a, —0, as has been shown to be possible, 
with real values of these ratios, Q' takes the form 

ag U*-- 6a, U?--a/', 
which can now be supposed expressed as 

a, (U* 4- p(U*--q), 
and we have to show that p, q can be found in terms of the 
original coefficients as, a, Az, Qa: Q4. 

We have 

dy—4,, 4,—0, 6aj—ag(p--g) dael, a,—a, py. 


7 , , 1 L4 [^ 
I'—ay .ay pq L 3529 (p P aere 


, ^8 
Jac © (p-E4).ay p]— (p+ = $55 (p--d)136pq—(p-- 9; 


, B_I* 5, [(p+g?+12pqP 
PT (par [8657 (P+ OP 
P—27J? , 
enar 5-31 P7 TG L 
or putting p— pq, 
p(p— 1) Dp—2:J? 1 
(aR Ta DR 4.2773 16K ^?» 
27 » 
4 np-—21J: 
original coefficients. This is a sextie equation to find p, viz. 
the ratio of p:q. 


1476. Solution of the Sextic. 

The equation is obviously of the reciprocal class, and therefore its 
solution may be reduced to that of a cubic, and the cubic may be solved 
by Cardan's method. 


where K— gre and is a known function of the 


m A È- DT NL 
Writing the equation as ——— 1 — (pp 4145 E put (pd — p-3) wi 
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Then p4- p^! 4-14—16 7— i 7 eT and the equation becomes 


(74) ART =r: ie. P=K(0-1). 


Now adopting Cardan's method, put 0 —5--(; then 
TO G»C- K) +¢)+K=0; 
and taking nf(=}K, 


El d 


3 y 

Hence y and C can be found, and therefore also 6. Suppose 6, a real 
root of this equation, then p! - p 5-4J 8; — 1, and therefore 

ph p 3 24/8, 3/8, — 1. 

Thus Vp=(2+V6,+3)/V6,-1 and p=(7+6,+4V0,+3)/(6,—1). 

Then a value of the ratio p:q has been found, say Du: du where 5, qı 
are specifically known numbers, so that p/p, — q/g, —s, say, which remains 
to be found. 

'Thus ETENN. es Oe. T ON... PN FIPA 


+K=0, a quadratic for y. 


Putting U=/sU’, we have 
du A XT 


Finally, A= AE- R (p,2+147,9,+4,”) ; 


mr 
whence = NEERUTTETT and s is now known, which completes 
Ags 


the determination of p and d. We therefore have 


| Cartes Mae eae [pet 14pg, +g aU’ 
v (ao, Ay, da: Ay, Q4) (U, " 121 A/(U? -- p)(U? +q) 


1477. Cayley points out that if one of the roots of the sextic for p be 


2 3 
p-4-*, the equation is of the form E CO. and 


that the solutions of the equation may be written 
1 1-B\' /1+B\* (1-B\' (lt. 
& ae (x ZRI, Gee) U 15) 
which the reader may verify. [Elliptic Functions, p. 320.] 
1478. When a reduction to the form 
| dU " | dU 
Jas Uit 6a, Uta, Vas (U2 + p)(U?+q) 
has been effected, then in case p and g are both real, i.e. 9a,?7 a, a,, this 
factorisation will suffice. But in a case when p and d are imaginary, 
i.e. 9a)? d'a» we put U=AV(1+ T)/(1— 7), and we observe that ay’, a,’ 
could not be opposite signs, for if so 92,77 aj'a,'. 
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We shall choose A= ay sa healed will be real. We have 
dT 
(Dia - ni 
and 
a, U4 6a U* ay! z [as A3 L 7)? +6a,’A?2(1 — 72) +a, (1 - T y(1 - 7)? 
= 2[(a4' — 3a5' A?) T? + (ay! 3a, A?)/(1 - T? 


=2[ Vs 5 (Nas tty’ — day) J| 535524 J/a - TY, 


dU < Â 


Nag ay’ , , 
and 
Mall... aret bod eem on oe E iT 
Na, Utx6ayUTra) ü[Vaya, —3a,]i Ja _ 1) (7 NUR EM 
Vada; — 3a,’ 


which is now of real form, since as'a, 29a," for the case considered. 


1479. ILLUSTRATIVE EXAMPLE. 
It will be instructive to consider one case from several points of view. 


L da 
i "Mg REESE 
(a) First let us reduce it to the Legendrian form. 
a? — 52? + Ar 4-6 2 (z — 3) (4? — 24 — 2). 
Put eLp Ll LS, de=(q-p)de/(1+z). 
c—3-[(p-3)-(g—3)2](1-- 2) (1--z). (See Art. 1465.) 
a — 2x —-2=[(p+qz)?—2(p+gz)(1+z2)—2(1+2))/(1+z2). 
Put p-3+q—3=0, pq—(p+q)—2=0, te. p+ q=6, pq—8. 
Take the solution p= 4, q— 2. 
Then 
x—3=(l—z?)/(1 +z}, 23—2:—2-22(3—22?)(1--z)?, dz= —2dz/(1+2)?. 
Also 7-3 gives z=1; 


2 2 t» do : 
HUN tl aé oa Rls 3 =sin 6 
NS f J-A m P» NS B T Roda 
NJK —sn-!z), K being the real quarter-period, mod. 1/4/3 ; 
" zesn(K —u3)=cn(uV3)/dn(uv 3), 
x l-z dnwV3/2-enuv3/2 5 
e. SEL, mod. 1/3. 
i Tru bá, Gnas 3/2-- cn u 3/2" pad 
(b) Next let us reduce to the Weierstrassian form. 
33 — 52? -L Az -- 6 being already a cubic expression, it is only necessary to 
remove the term involving the square of the variable. Put r=z+§; 
€ —3 gives 2z:$. 


(r-3)0(-19-3]-448- Bet YP), I=, J= 998; 
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and 


T a e€—€ AN 3 , 9 o 
e, 7$, e,= V3 — 5 e= — 3-4, die qe (J3 +1)? k”? = tan?15°, 


K K 
-== —————— (Art. 1414), 
Me, —es /2+/3 


K not being the same as K in solution (a), the modulus being a different one. 


w= 


SA sv (X - V2 87)- BE E 1 XE ; 
2/ w—-§4+N34%  (v—3)4- (22-3) 
. en?(wcos 15°) - ] 
" dn?(ucos15°) (a—3) tan 15°+1 at feeb 
dn? (wu cos 15°) 73 8n? (u cos 15°) 
one a oe ee en2(wcos 15°) _ “par cn? (u cos 15°)’ 
i.e. x—3=tan 15° tn?(u cos 15°); mod. V3 (V3 — 1). 


(c) The results arrived at by these two processes are of different form, 
the moduli being different. 


Ç 
Take the integral [ PM. andad in the Legendrian reduction. 
Hi A/1 — 3 sin?g 
l -sin ĝ_ TR 
Put ain e n d so that when 0-5. $=5: 
— cot 15° cot? p 24/cot 15?cot $ 
Thm L ò=) 1+cot 15° cot? d’ weim 1 +cot 15° cot? p’ 
qg = ZN cot IS” 15° cosec? dp 
~ 1l-«cotl5'cot!ó ” 
1 . 4, _ 2 1+4 cot 15" cot? p+ cot? 15° cotto 
ane EE iin (1+ cot 15° cot?) 
_2  cot?15'. cosectd cos 30° 
ED a ol tes 8 t 8 ü ——3j1zs sin’ o J. 
73 ' (I cot 15° cot?) cos? 15 
Hence 
eA -Ah. [acm A, wv (o Xe) 
Ji }sin?6 -F sin? m 15° /1— X sin? $ $ cos 15° 
1 E unm 2 
——— K - am74]. 
~ cos "exit, J1- sin’ A? sin? h nl Suv 
xr Ncos 30° 
bai L o ; 
Thus o=am (K — u cos 15°), (mod. cos 159 ) 
i o, en (v cos 15 ~ cos 30° 
whence sin ġ=sn (K — u cos 15 RS mod. cos 15 
ve ^ ,8n (v cos 15 
cos $ - en (K — u cos 15°)= tan 15 M ERIT (Art. 1352). 


Hence cot d= tan 15° tn (u cos 15^), 
and x —3=cot 15° cot? = tan 15° tn?(u cos 15°), 
which is the same result as that obtained in solution (b). 
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1480. LANDEN'S TRANSFORMATION. 

From the above example it appears that the reduction of 
an elliptic integral to the Legendrian form is not unique. 

The transformations 
1—sin 0 
1--sin 0 
both succeeded in such a reduction, but the moduli in the 
two cases were different. 

For the general theory of such transformations the reader 
is referred to(Cayley (E. Functions) or Greenhill (E. Functions). 

One well-known transformation, however, must be noticed 
before leaving the matter, viz. that due to Landen. 

Taking two variables 0,, 0, connected by the equation 
sin(20,—0,)—, sin O,, so that 6, and 0, vanish together, 
we have cot (20,—6,)(2d0,—d6,)=cot 0, d@, ; whence 
2d6,.. cot (20, -6,)—d6, (cot (20,-0,)+ cot 6,} EDS 

2sin8,d0, dé, dO, 
sin 20, ~ Cos (20, —0,) Mie —u ?sin? 0, 


Also sin 20, . cot 0,— cos 20,=, cot 0,=(u-+ cos 20,)/sin 29, ; 
7 eosec? 0, — (T -- n2+ 24 cos 26,)/sin? 20, 


—34- and s=3+cot 15° cot? ¢ 


sin*20, - MED Ç 
sa wig, er [1- pp cinta, Js 
R a) TM ef rer" die 
"T+ i sine, oJi—,#sin?@, ^ 
ne OE 
2 
‘| RLE n Ra, ler 2 amm (0, 135); 


or, what is the same thing, 


sin 6, 2s Tw u, (m od. 15); sin 0,—sn u, (mod. u), 


or putting v,=sin@,, m,—sin6,, 
da, EN Fd usc da, 
VeA — pa) E ] 4 } 
0 X( BC T Ta lta | ya~ eil qt} 
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so that w=sn-(z,, D ET sn=(z,, i5) and therefore 


w is expressible in either of these ways as an inverse elliptic 


function. 
2u 
Writing A for Ht Fa and X =; Tig 
2 4 UI RT 
is obtained from the initial formula 


sin (20, — 0,) — u sin 0,, viz. 2x,/1—a,?./1—a,? — (1— 22,2), utg, 


a, — Qum N) 1—a,? 
i pars, vg 7 E A 25 P whence #,=(1+-2’) a, Tae 


Therefore 
ee CL 
sn“(z,, Napa CERN )a, ae ux 
This is known as Landen's Transformation. 

For many such results and other transformations, see 
Greenhill, E.F., pp. 55, 56, and Chapter X. Greenhill gives 
a very elegant interpretation of the above transformation 
with reference to the motion of a pendulum (pages 318, 
319, E.F). 

In such transformations, when F(0,, k) becomes MF(6,, k’), 
F representing the first Legendrian Integral, M is technically 
known as the “ Multiplier,” and the relation between k and k’ 
is known as the * Modular Equation." "Thus, in the foregoing 
case the multiplier is $(1++), and the modular equation is 


Xw -1)—2 A n. 
1481. ILLUSTRATIVE EXAMPLES. 


Ex. 1. Reduce v= iy 
ii 


, 4.6. A--A?—], we have 


and the connection between 2, and z, 


4.6. 


dx 
ii-3 vol + 8a + 20.2? + 56x — 20 


to standard Legendrian form. 
We have U = xt + 82? + 202? + 56x — 20 = (2? + 2» + 10) (z? + 6x — 2). 
Here, with the notation of Art. 1463, A=1, u 210; A’=3, w= -2, 


pq+(p+q)+10=0,) giving p+q=6, } 


pq +3(p+4)-2=0, pq- -16, 
i.e. p=8, \ .P*g: 8-2 
q= —2, E. g [+s Lts 
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a*--2» 4-10—10(9--27)/(1--2), 2?+62-2=10(11 -—2?)/(1 +2}, 
dx= — l0Odz/(l--z) ; 


TE sre T TT 
"VU  -(249)2-11) 
which is Case 4, Art. 1473. Put z— 11 cos 0. 
Then 4 A Nilsin odo. a-ak EL 


and the limits for x a sia to 0 and @ for 6, are /11—3 to z. 


55 
papiga Pg ëh V1— 13 sin?8 dien "Js ( ' 10 T) 
and 2v 5 cn71 —— - Bm (mod. 44/55). 


ET 2+2 


Ex. 2. Examine the same integral without factorisation. With the 
notation of Art. 1475, 


%=l, a,=2, d, — M, a,=14, dus —20, 
I= aya, — 4a,a, + 3a,?= — 288, 


J= aqaa, + 20,052, — At,” — aa? — ag = — SP, 
D-97? 37.54.11 


108] ^ 37.397" 
Hence, following the notation of Arts. 1475, 1476, our equation for Ó is 
259375 
rag 0-9. 
To simplify, let 0- ze aaa t; 
EE O 2? 374, 95 
e-l 5i £73), de & f —9g'- 99° 
of which an obvious root is ¿= — 1. 
3 74 1 16x414- |: 9 11 
Hence 0= -35 and di eon gg ^ LR. pS 0 0P F 
Therefore en say; 2,=-9, q=11. 


(ice ee Saa 
Then A= AE, e- 14.9.11 4-112) - Vs, 
and CA Mei Li cidit y alie il a 
8J (U*?—9)(U?-11) J J(U^—9)(U? 4-11) 
Let U'—3secÓ'. Then z—4/11 —3 gives Q—0, U’=3, dud 


. (€. 3sec0'tanOü'dü _ 1 [e dé 
9: Jo tan®@ (9 ae +11) DT), Jii inig EX sov 55), 


which agrees with the result of Ex. 1. 
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zv 
Ex.3. Consider the integral w= f A [Legendre, Exercices, p. 56]. 


This does not become infinite in the vicinity of z—0 (Art. 348). 
Put v=(1 Lerh. dx= —32(1 +2) 5 dz, 1—a?=(3 432? -- 213) z2/(1 4- 23? ; 


E z JA 3-3 
The factorisation of the desired form (US -- p)(U? -- q) is 


(etie 


Therefore p and g are complex. Following Art. 1478, put 


2 dni e 
= 4/3 t ML. MM 
à 137 1-710- 7T) 


and z= œ gives 7=1, and 
214-32 4-3 — [(6 343) 72+ (6 - 3/3)]/(1 - 7); 


va ee V3dT Y a 
Ji- 71-7) V3+1 


T-T) R st 
NE (V3-1) [+(e vy 
lu mee wore 
- 2sin 16* Jp J(1— 7?) (1? + cot?15") 
E uL UN. az3-43-1 
"a f. wae 9. zT. 43-1 


NW o 
T ME Ju 94/2x* cos 15 


= , (mod. sin 15°). 
2 14-2: sin 15° 
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PROBLEMS. 


1. Find the values of J and J for the quartic function 
der — Gratz? + yt, 
and show that 443—7A—J —0. Form also the Hessian of the 
quartic, and the discriminant. 


2. Examine the modification in the reduction to Weierstrassian 
form which accrues from the quartic Q having one root a, zero, 
te.a,=0. Show that in this case 

=Q awa (~ 47-2), e, = ay HL C - =) 


, 
Ge G, a, 12 Aa, a 4, 


e ca (n - =), 


12 Na, a, a, 
c 1/a,—1/a 
and that P= 2 _l 8, 
l/a; = 1/ag 
3. If $ = a (z — ay) (a — agy) (2 — agy) (2 — 049), 
and P-2e-a, Q=a,-a,, R=a,-a,, 
P =a -a Q=a,-a,, R= agma, 


show that I= S ra Pap + US + R2R2), 


= - Sag - RR’)(RR - PP’)(PP’ - QQ’), 


and A=[3- oJ? p. PAR PPR 
Also, if S, = Za, S, = Èa ag, S, = Za,a,a,, S,=a,a,a,0,, show that 
0.3 
1-55 (128,- 38,8, + 8,7), J=% 12, -38,, 28, 


28,, ro Th 128, . 
4. If $2 2*-- 623? -y* and the Hessian H=—, Pass Pay 


T. Pry; $yy j 
show that H — kẹ is a perfect square if k=A, — $(A - 1) or - $(A - 1). 


5. Show that La 76, - 120)» 1 ci Is; mod. ST. 
z+ 


6. Show that g-!(z, 28, — 24) E dena mod z. 


7. Show that g—(z, 36, 0)= ^4 en n 3 ; mod, — 
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x dz 
1 J — 7024 + 25323 — 3272? + 1792 — 35 


= j- Show also 


that it "c be expressed in a Legendrian form with a modulus 


-7 = Ph 
$, viz. v sn Ji TENA 


9. din ps if ¢,>e,>e, and e,+e,+e,=0, the substitution 


8. Reduce the integral u= 


to Weierstrassian form, and show that w- 7! $ 


&y — êg : : 
z=eg+ E: 3 will convert the Weierstrassian Integral 


para eee 
z JA (2 — €)(2— eg) (2 — és) 


into the Legendrian form 
1 f dz 
Ve, - gado V (1 - 22) (1- Fx)’ 


AEN , and conversely that the substitution z= HL “3 


where k? = api 

will convert ‘the “standard Legendrian form into the TSH E 
dz 

V4z(2-9) 


10. Reduce [ to the Legendrian form 


a $ ELI. EMI 
V6 Jo J(1 = 22)(1 = $a)’ 
and show with the usual notation that 
K — o, 6, K- ıK' = o, v6, - ıK' = eg 6. 
dz PY 
-e = BDT > 
V2(2? — 4) V2 4-2 
12. In the standard Legendrian form f 


11. Show that L 


dx 
Jl 2) (1 — Bj 
the degenerate forms assumed when k=0 and when k=1, and 
state to what forms sn-!z, cn-!z, dn z and tn v ultimately degenerate 
in these cases. 


13. Discuss the integration of the degenerate cases of 
dz 


Væ- a) - B) - y) - 9) 
(i when a=, (ii)whena-f-», (iii) when a=B=y=6. 
14. Discuss the integration of the degenerate cases of 


discuss 


dz (UN 'g ) 
PNITCEPRICHVPRICEPRY e t 64 4 64 — 0 i 
(i) when ep=¢;, (ii) when e, =e, (iii) when e =€ = eg. 
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15. Express both in Weierstrassian and in Legendrian notation 
the integration N tdt 


(63 38—68—8. 
16. Make use E the substitution 23--2-3— 2/7? to reduce the 
integral u = MN Jr 


it to the standard iin d form. 


= ha the form of an elliptic integral, and reduce 


17. Use the substitution ? —(1-4-z-4-2?)/(1 — z)? in the integration 


z dy 

; and show that f= (7 0,1). 
piu ji and show that ‘= (7, 
18. Show that if 


N da 
2 J/(z - 2)(5z — 11)(11z - 21)(3z - 7) 


——$- 
u= m : , 904, ~960) -1a44] 2-5. (moa. 4/2). 


19. Show that the solutions of the sextic equation 
(p? + tpt) (BS + 148%+ 1? 
sa D" RU T 


are 4, d (a G (ERT ; (5) M d (74): 


(22-22), 


[Cavrkv.] 


into one in which z is 


1 
20. Transform the integral «- | 
0 (1-29 


the variable by the relation 47°{1 — 25) — 25, and the result by putting 
2? — 1/(14- 9?) ; and lastly, by the further transformation 


y — A3 tan : 
f 3t T A E 
showing that sn e u) T3 (mod. sin 15°). 


Hence show that u= 1:927622..., and verify this otherwise. 
[BERTRAND, I.C., p. 687.] 


21. Show by Landen's Transformation 2 sin (2$ — 0) — sin 6 that 


f dó ef d 
oVl-isin?ó 3)oJ/1—2sin?d 
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22. Express by means of the Weierstrassian elliptic functions 
f (u), ((u), cud the results of the following integrations : 


4 [^ sde «(poo at. on A 
Op 1 egra T 


TW a dz ] 
(ii) , ae e: 


j = da 
vs L PPE [TORTTA e a C rere a 
1 x dx 
T LSS Se 1 . 
Qe) j: Vat - 1223 + 542? — 100% + 57 e N 


23. Express by Weierstrassian functions the second Legendrian 


standard form f VI- £2 sin?6 dð. 
0 


24. Express by Weierstrassian functions the third Legendrian 


E da 
ta d rd f m_n aaa 

PET E f ETONE 

— da 
25. If u= " J ——pe EE. DORG that 
iu T n É 
a(/llenu-—snu)=2snu, (mod. J. [Ox.II. P., 1913.] 

1 /11052* — 90423 — 21022 + 8241 


a(3enu-2dnu)=dnu, (mod.1/5). [Ox. II. P., 1915.] 

27. If u= f char et 
0 (1+2 — Qa)? 

of u by help of (i) Jacobi’s functions, (ii) Weierstrass’ functions. 


(Maru. Trip. 1I., 1914.) 
Prove that 24/3 dn (u4/3) 2 sn (u4/3), (mod. /2/3). 


28. Show that the integral 
T x 
[Le ey - ad 0) @- ayy c 


is transformed to the integral 
Siw, dim 9) *[ tà - 0 By) bay 
by the relations 5? = (a, — a4) (z — a,)/(as — a4) (x — a), 
K? = (a, — a,) (a, — a,)/(a, — a) (a, — a4), 


and obtain an expression for the general value of the former integral. 
(Maru. Trip. II., 1913.] 


express z as a single-valued function 
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29. A heavy particle attached to a fixed point by a light thread 
of length a oscillates under the action of gravity in a vertical plane. 
Show that the height of the particle above the lowest point of its 
path at time ¢ from the lowest position is 


2a sin? sn? (2 t)» (mod. sin 5) , 
where 2« is the whole angle of swing. 
30. Show that the potential of a uniform thin ring at any point is 
Ta dr 
EEEE -i A 
n ((*-7)6g - 7) 
where y is the constant of gravitation, m th6 mass per unit length, 


a the radius of the ring, 7 the distance of the point from a point of 
the ring, r, and r, the least and greatest values of r. Prove also 


4yma 


that the potential may be expressed in the form 8ym RE where 


K is the complete elliptic integral of the first kind with modulus 
(ry — 7)/(ro * 7). [Ox. II. P., 1914.] 


31. A heavy elastic string which is uniform when unstretched is 
passed through a smooth semicircular tube which is held in a vertical 
plane with its vertex upwards. The radius of the tube is r. The 
modulus of the elastic string is equal to the weight of a length r of 
the unstretched string. It is observed that the two equal portions 
which hang vertically outside the tube are each equal in length to 
the radius. Show that the unstretched length of the portion which 
lies within the tube is 


NU 
LL He (moa. p [Ox. II. P., 1915]. 


32. Assuming that the law of central attractive force under which 
an orbit u —/(0) can be described is given by P/h?u? = VIS. show 


that if a particle describes an orbit r — aen 0V3 under the action of 


a central attraction puž, the modulus of the elliptic function is 37}. 
[Ox. II. P., 1913.] 


33. A particle of unit mass is projected horizontally with velocity 
u, and moves under gravity in a resisting medium such that the 
path is a portion of a circle of radius a. Show that the motion will 


r 284 19-3 -i 
cease after a time tan 12°77, (mod. 951 (Ox. II. P., 1913.] 
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34. Show that the area 4 bounded by the y-axis, the asymptote 
£ —1 and the curve Gur - 1)(#- 3) { (æ - 4)?+ 3} =1 is 


35 en-t car (mod. sin 75°). 


35. If A be the area in the positive quadrant bounded by the 
curve 2y*x(a*+42+1)=3, the coordinate axes and an abscissa 2, 


show that (e+ 1)/(z - 1): dn A/en A, (mod. tan 7/6). 


36. A ring is generated by the motion of a circle such that its 
plane passes through the centre of an ellipse and a perpendicular to 
the plane of the ellipse through the centre, and the centre of the 
circle lies on the ellipse. Show that the volume of the ring is 
4r Kbc?, where b is the semi-axis minor of the ellipse, K the complete 
elliptie integral of the first kind with its modulus equal to the 
eccentricity of the ellipse and ¢ (<b) the radius of the circle. 

[C.S., 1895.] 

37. Prove that the equation of the osculating plane at any point 
of the curve z—a sn u, y — ben u, z=cdn u, (mod. k), is 


HU — k*) sn?u ea cnu += dnu = l-k. 

[Ox. II. P., 1902.] 
38. An elliptic wire of semi-axes a and b moves so that its plane 
is always parallel to a fixed plane while its centre describes in a 
perpendicular plane a circle of radius c which is greater than either 
a or b, and the minor axis is perpendicular to the latter plane. 
Prove that the ring surface formed by the circumference of the 

wire cuts itself in two hyperbolic edges, and that its volume is 

v P (e a?) - (c? —- a?) K}, 


where K and E are the complete elliptic integrals of the first and 
second kinds with modulus a/c. (Maru. Trip. 1886.) 


39. If the modulus & and the amplitude ¢ of the elliptic integral 
F(¢, k) be given by k= cos 7/12, cos $= 2 — 3, then will 
F($, = (val @)}/{3*. PL 
[J. C. Mauer, £.7'., 9677.) 
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